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Yield curvature for seismic design of circular
reinforced concrete columns
M. Neaz Sheikh*, H. H. Tsang†, T. J. McCarthy* and N. T. K. Lam‡
University of Wollongong; University of Hong Kong; University of Melbourne
Significant research efforts have been devoted in recent years to the development of displacement-based seismic
assessment and design methodology, recognising the shortcomings of traditional, code-specified force-based proce-
dures. Recent advances in direct displacement-based seismic design of columns rely on the estimates of yield
curvature for determining seismic design forces to satisfy the specified seismic performance levels. This paper
presents simple expressions for estimating the effective yield curvature for normal- and high-strength circular
reinforced concrete columns based on moment–curvature analyses of a large number of column sections. Such
expressions can be programmed into spreadsheet format and can be used for the direct displacement-based design
of circular reinforced concrete columns. Influences of different parameters on the effective yield curvature have
been quantified. Effective yield curvature is presented in terms of the gross diameter of the section and the yield
strain of longitudinal reinforcement together with three modification factors that take into account the effects of the
strength of concrete, axial load ratio and the amount of longitudinal reinforcement. An example illustrating the
preliminary design of bridge columns based on the developed expressions is presented.
Notation
Ac area of the core of columns measured out-to-
out of spirals
Ag gross cross-sectional area
c thickness of concrete cover
D gross diameter of the cross-section
d effective depth, being the distance from the
extreme compression fibre to the centroid of
the tensile force
f 9c specified compressive strength of concrete
fy specified yield strength of reinforcing bar
Keff effective stiffness
L length of the column
M moment at the base of column
M– moment–curvature
Meff effective mass
Mmax moment capacity of a column section
Myc moment capacity of a column section when
concrete strain reaches the peak stress of
unconfined concrete
Mys moment capacity of a column section at the
onset of the yielding of longitudinal
reinforcement
MF( f 9c) modification factor for concrete strength
MF(n) modification factor for axial load ratio
MF(r) modification factor for longitudinal
reinforcement ratio
n axial load ratio
P axial load
Teff effective period
V base shear force
˜u maximum allowable displacement
˜y effective yield displacement
ys yield strain of longitudinal reinforcement
 damping ratio
r longitudinal reinforcement ratio (ratio of
area of longitudinal reinforcement to gross
cross-sectional area)
y effective yield curvature
yc curvature when the peak stress of the
unconfined concrete is reached
ys curvature at the onset of yielding of the
logitudinal reinforcement
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Introduction
Earthquake engineering research over the past three
decades resulted in force-based (FB) structural assess-
ment, design and detailing procedures, incorporating
capacity principles and ensuring adequate safety of the
structure without significant damage and collapse when
subject to severe ground shaking (Park and Paulay,
1975; Park, 1997; Paulay and Priestley, 1992). Certain
fundamental assumptions in the FB design procedures
have, however, been found to be not representative of
actual structural behaviour. The stiffness of the struc-
ture, which is used for determining the natural period
of the structure and hence the amount of equivalent
lateral forces induced by earthquake action, is not
known initially. Different codes take different ap-
proaches in estimating their stiffnesses. Moreover, the
effective stiffness of a cracked reinforced concrete
(RC) member is not constant but increases with in-
creasing flexural strength (Priestley et al., 2007). Diffi-
culties in determining the structural stiffness of RC
members result in significant inaccuracies in estimating
the natural period of the structure. These errors are then
translated into errors in estimating strength demand and
distribution of forces calculated from FB design proce-
dures.
Considering the inherent limitations of FB proce-
dures, displacement-based (DB) procedures have been
proposed in recent years where displacement demand is
compared with the displacement capacity of the struc-
ture. Such procedures are transparent as they consider
the true behaviour of the structure and will likely be
incorporated in future seismic design codes. In DB
procedures, the design force levels are determined
based on the estimate of yield displacement of the
structure. The ultimate displacement demand is first
compared with the yield displacement for estimating
the ductility demand of a cross-section. The section
ductility demand can be used for calculating the effec-
tive damping level which is then used for calculating
the inelastic displacement demand and the effective
natural period based on the elastic displacement re-
sponse spectrum (Miranda and Garcia, 2002). The com-
parison between yield displacement and ultimate
displacement is also important for evaluating the seis-
mic performance of a structure or structural element
under a given level of earthquake shaking.
The intended failure mechanism for the majority of
bridge piers and columns involves the formation of
plastic hinges at critical locations (i.e. plastic hinge
regions). The yield displacement of RC columns can be
estimated using simple expressions that account for the
flexural deformation of the column (Priestley et al.,
2007). Such expressions can be developed based on the
yield curvature of the column at the critical location.
Previous studies (Montes and Aschleim, 2003; Priestley
et al. 1996, 2007) indicate that yield curvature is not
sensitive to the quantity of longitudinal reinforcement
used in the member. This allows simple expressions to
be used for estimating the curvature of the member at
yield. Once the yield curvature and the yield strength
are known, the cracked stiffness of the member can
also be readily obtained.
This paper aims at developing simple expressions for
estimating yield curvature of normal- and high-strength
circular RC columns based on moment–curvature
analysis of a large number of column sections.
Previous studies on yield curvature
Priestley et al. (1996, 2007) proposed a formula for
calculating the yield displacement of circular bridge col-
umns taking into account shear contribution and strain
penetration of the longitudinal reinforcement into the
foundation. Yield curvature (y) has been expressed in
terms of the yield strain of the longitudinal reinforce-
ment (ys) and the diameter of the gross section (D) of
the piers (Equation 1). As mentioned earlier, the effective
yield curvature of a cross-section does not depend sig-
nificantly on the ratio of the longitudinal reinforcement
(r), whereas effective stiffness is almost proportional to
the ratio of the longitudinal reinforcement (given that
stiffness is strength divided by displacement at yield).
Hence, the effective yield curvature should be considered
as one of the basic properties of a cross-section. In Priest-
ley’s formula (Equation 1) no indication has been given
regarding the sensitivity of the yield curvature to the ratio
of the longitudinal reinforcement. Moreover, the axial
load ratio, n ¼ P= f 9cAg (where P is the axial load, f 9c is
the concrete compressive strength and Ag is the gross
area of the cross-section) which may affect the yield
curvature, has not been parameterised and no limitation
has been suggested for the application of the formula.
However, bridge columns designed according to most
design codes may have the axial load ratio (n) of around
10%.
y ¼ 2:253
ys
D
(1)
Montes and Aschleim (2003) proposed simple expres-
sions for calculating the effective yield curvature for
different yield strengths ( fy) of steel reinforcement
based on moment–curvature (M–) analyses. Effective
yield curvature has been expressed in terms of the yield
strain of longitudinal reinforcement (ys) and the effec-
tive depth of the section, d (depth of the extreme
tension reinforcement) as shown in Equations 2a and
2b. Less scatter was observed in the estimate of the
effective yield curvature when parameterised in terms
of effective depth of the section, d.
y ¼ 2:43
ys
d
for f y ¼ 400 MPa (2a)
y ¼ 2:33
ys
d
for f y ¼ 500 MPa (2b)
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One of the most important observations from the study
is the sensitivity of the yield curvature to the level of
axial load ratio, P= f 9cAg, as seen in Equations 3a
and 3b
y ¼
ys
d
2:5 a b P
f 9cAg
 2" #
for f y ¼ 400 MPa
(3a)
y ¼
ys
d
2:4 a b P
f 9cAg
 2" #
for fy ¼ 500 MPa
(3b)
Values of a and b have been found from parabolic
curve fitting and are expressed as functions of the
effective depth for three cross-sections. For other cross-
sections, it is recommended to obtain the values of a
and b by linear interpolation.
The above studies have not given any indication on
the sensitivity of the effective yield curvature to the
quantity of longitudinal reinforcement (r). Also, high-
strength concrete was not within the scope of the
studies and, indeed, concrete strength has not been
explicitly parameterised in the recommended expres-
sions. It is noted that high-strength concrete with com-
pressive strength of up to 100 MPa is now being
increasingly used in the construction of bridge columns
and is also permitted by most design codes. Another
omission is that the thickness of the concrete cover (c)
has also not been parameterised in the recommended
expressions. The effect of concrete cover is important
to determine whether the gross diameter of the section
(D) or the effective diameter (d ) should be used for the
expression of yield curvature.
Modelling of columns
Analytical modelling of RC columns
Reinforced concrete is a highly non-linear material.
Realistic constitutive law of RC elements is complex as
the non-linearity arising from concrete and reinforce-
ment needs to be appropriately incorporated to simulate
the experimentally observed behaviour of RC elements
accurately.
Stress–strain relationship of concrete
The uniaxial confined concrete model of Légeron
and Paultre (2003), which is based on strain compat-
ibility and transverse force equilibrium, has been cho-
sen as the constitutive law of concrete for the analytical
modelling of RC columns. The model has been vali-
dated with test results from more than 200 circular and
square large-scale columns tested under slow and fast
concentric loading. In the model, the behaviour of con-
fined concrete is related to the effective confinement
index, which takes into account the amount of trans-
verse confinement reinforcement, the spatial distribu-
tion of the transverse and longitudinal reinforcement,
the concrete strength and the transverse reinforcement
yield strength.
Stress–strain relationship of longitudinal bars
An accurate model of a stress–strain relationship of
steel bars needs to simulate: (a) elastic, yielding and
strain hardening behaviour; (b) compression behaviour
including buckling of bars; and (c) low cycle fatigue
and premature rupture of bars in tension.
The Gomes and Appleton (1997) model has been
chosen as the constitutive law of reinforcing bars, since
it is simple and predicts the above characteristics of
reinforcing bars well. The model takes into account the
effect of inelastic buckling of longitudinal reinforcing
bars in a simplified way based on the plastic mechan-
ism of a buckled bar.
Modelling sectional behaviour
In this study, the complete moment–curvature re-
sponses of column sections were computed using the
computer program MNPHI (Paultre, 2001), which in-
corporates the constitutive laws of concrete and that of
the reinforcing bars. The program uses a layered re-
presentation of the section where each layer is sepa-
rated into a confined core layer and an unconfined
cover layer with the corresponding material properties.
It calculates the moment–curvature response by an
incremental analysis assuming a plane section remain-
ing plane (before and after bending). The program also
takes into account the spalling of concrete cover.
Comparison with experimental results
To evaluate the capability of the developed analytical
model, experimental results of a large number of col-
umns tested under cyclic loading have been compared.
The test variables include main parameters of interest,
such as column cross-sectional dimension, yield
strength of concrete and steel reinforcement, axial load
ratio, longitudinal reinforcement ratio and concrete
cover. Owing to space restrictions in this paper,
moment–curvature predictions of bridge columns 407,
415 and 430 (reported by Lehman et al., 2004) are
presented in Figure 1. The diameter of the columns is
610 mm with longitudinal reinforcement ratios of
0.75%, 1.5% and 3% respectively. The axial load ratio
of the columns is 0.07. Excellent agreement has been
observed between the experimental results and analyti-
cal predictions from this study. The developed analyti-
cal model has been used for the development of
moment–curvature relationships in this study.
Definition of yield curvature
Different definitions of yield curvature have been
found in the literature based on both experimental and
analytical results. For seismic design of RC columns,
effective yield curvature rather than true yield curvature
Yield curvature for seismic design of circular reinforced concrete columns
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is of interest. Priestley et al. (1996) defined the effec-
tive yield curvature as the intersection of the line
through the first yield point with the line drawn tan-
gentially to the moment–curvature (M–) diagram.
This definition of effective yield curvature can be use-
ful in the presentation of the experimental results (when
sufficient data are not available for reliably estimating
the flexural strength of concrete). However, there is an
element of user subjectivity in fitting the tangent line
as different tangent lines can be fitted to the softened
branch of moment–curvature curve. The definition
adopted in this paper is based on the first yield point
(either concrete or steel) and the maximum flexural
strength of the column (Equation 4)
y ¼ MIN yc
Mmax
Myc
; ys
Mmax
Mys
 
(4)
where yc is the curvature when the peak stress of the
unconfined concrete is reached and Myc is the moment
corresponding to yc; ys is the curvature at the onset
of yielding of the longitudinal reinforcement and Mys is
moment corresponding to ys; and Mmax is the moment
capacity of the section. The definition of yield curva-
ture adopted here (Figure 2) avoids user subjectivity as
it is based on the maximum flexural strength of the
column. This allows engineers to develop bi-linear
moment–curvature response functions which are of
practical importance to the structural design of RC
columns.
Estimation of yield curvature
Expressions for the effective yield curvature pre-
sented in this paper are based on the moment–curva-
ture response of columns according to the methodology
developed in the previous section It was observed that
the effective yield curvature of the columns is influ-
enced by the overall size of the cross-section gross
diameter, D, the axial load ratio, n, the strength of
concrete, f 9c, and yield strength of longitudinal rein-
forcement, fy, and to some extent on the ratio of long-
itudinal reinforcement, r, and the depth of concrete
cover, c (or equivalently the ratio of area of the gross
section to the area of the core, Ag/Ac).
Circular column sections of diameters from 0.5–
2.5 m having axial load ratios, n, of 0–0.5 and reinforce-
ment ratios, r, of 1–6% of the gross cross-sectional area
have been considered. Both normal- and high-strength
columns were within the scope of the study. Concrete
strengths, f 9c, ranged from 30 MPa to 100 MPa, which
cover the wide range of concrete strength currently used
for the design of concrete columns and also the maxi-
mum limit permitted by most design codes. Concrete
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cover, c, has been considered to be 0.05 m. However, to
study the influence of the concrete cover on the effective
yield curvature of columns, cross-sections with concrete
covers varying between 0.03 and 0.1 m were analysed.
The yield strength, fy, of reinforcing bars was assumed
to be 400 MPa, 500 MPa and 600 MPa. The modulus of
elasticity of the reinforcing bar was taken as 200 GPa.
Influence of section dimension
Previous research on yield curvature proposed ex-
pressions for yield curvature in terms of overall cross-
section dimension (Priestley et al., 1996, 2007) or the
effective depth of the cross-section (Montes and
Aschleim, 2003). In the current paper, the effective
yield curvature is presented in terms of the overall
cross-section dimension, D.
It is evident from Figure 3 that the effective yield
curvature is significantly dependent on D and that the
best-fit curve can be obtained when it is expressed in
terms of D1
:1. The following expression is proposed
for estimating the effective yield curvature of normal
strength ( f 9c ¼ 30 MPa) concrete columns while ignor-
ing the effects of axial load (n ¼ 0)
y ¼ 2:03
ys
D1
:1
(5)
It is seen from Figure 3 that previous studies have over-
estimated the effective yield curvature, especially when
D is small. This overestimation is also apparent from
results presented in Montes and Aschleim (2003).
Intuitively, the ratio of the area of the gross section
to the area of the core (Ag/Ac or the thickness of con-
crete cover) may have some influence on the estimates
of effective yield curvature. Figure 4 presents the influ-
ence of concrete cover on the estimation of effective
yield curvature. All data points have been normalised
with respect to the yield curvature when the concrete
cover is 0.05 m.
It is evident from Figure 4 that concrete cover (or
Ag/Ac) does not have a significant influence on the
effective yield curvature. The influence is even less
when D is greater than 1 m. However, the concrete
cover, c, may have some effects, although not signifi-
cant, when D is less than 0.5 m. It is noted that con-
crete cover of up to 0.07 m has been considered for a
0.5 m diameter column (Figure 4). It is apparent that
the gross diameter of the cross-section is a better para-
meter to use than the effective depth of the section.
Influence of the strength of concrete
Figure 5 shows the influence of the concrete
strength, f 9c, on the effective yield curvature. The yield
curvature, normalised with respect to the effective yield
curvature of 30 MPa concrete, varies from 1.0 to 0.9
when the concrete strength varies from 30 MPa to
100 MPa. Thus, ignoring the effects of concrete
strength could result in overestimation of the effective
yield curvature by up to 10% (when the concrete
strength is 100 MPa). However, when subjected to vary-
ing axial load ratio, the strength of concrete signifi-
cantly influences the effective yield curvature (see next
subsection). A modification factor has been proposed
to take into account the effects of the strength of con-
crete (Equation 6).
MF f 9cð Þ ¼ 1:25 f 9c0
:07 (6)
Influence of axial load
Figure 6 shows the influence of axial load ratio on
the normalised yield curvature (normalised with respect
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to the yield curvature at zero axial load level). The data
points shown in Figure 6 represent the average values
of the normalised yield curvature for all the section
dimensions considered (0.5–2.5 m). It is seen that con-
crete strength influences the yield curvature when sub-
ject to varying axial load ratio. Yield curvature is
shown to increase with increasing axial load ratios from
0 to 0.3 and beyond that point effective yield curvature
decreases with increasing axial load ratio. Similar ob-
servations can be found in Montes and Aschleim
(2003). A modification factor has been proposed to
take into account these observations (Equation 7).
MF(n) ¼ 1þ 0:0413 f 9c  0:26ð Þ
3 n 0:043þ f 9c0:85ð Þ3 n2
(7)
where n is the axial load ratio and f 9c is the strength of
concrete. It is important to mention that such modifica-
tion factors may overestimate the yield curvature for
smaller diameter section (D , 0.5 m) under high axial
load. However, bridge piers are normally subjected to
low levels of axial load (around 10%) and usually have
larger cross-sections.
Influence of longitudinal reinforcement ratio
As mentioned in the section ‘Previous studies on
yield curvature’, the effects of longitudinal reinforce-
ment ratio, r, on the effective yield curvature, have not
yet been explicitly examined. It has been argued that
the longitudinal reinforcement ratio does not signifi-
cantly influence the effective yield curvature. Figure 7
presents the influence of the longitudinal reinforcement
ratio on the normalised effective yield curvature (nor-
malised with respect to the effective yield curvature
when longitudinal reinforcement ratio ¼ 1%). It has
been observed that effective yield curvature increases
with the increase of the longitudinal reinforcement ra-
tio. However, the rate of increase is insignificant when
the longitudinal reinforcement ratio is more than 3%.
In most bridge design codes, the permitted amount of
longitudinal reinforcement varies from 0.8 to 6%,
although in real practice a longitudinal reinforcement
ratio less than 3% is usually provided to avoid conges-
tion of reinforcement.
Results shown in Figure 7 are based on the condition
of no axial load and the difference would be even lower
if the axial load level were considered (i.e. n . 0). A
modification factor has been proposed to take into
account effects of longitudinal reinforcement ratio
(Equation 8)
MF(r) ¼ r0:16 (8)
Estimation of effective yield curvature
Based on the parametric studies conducted on more
than 200 columns, algebraic expressions have been
developed (Equation 9) for estimating effective yield
curvature. It was found that ignoring the effects of the
longitudinal reinforcement ratio would only marginally
underestimate the effective yield curvature and hence
its effects could be neglected in the preliminary design
of the RC column. However, parameterising the effects
of the longitudinal reinforcement ratio can be useful for
accurate evaluation of existing concrete columns.
y ¼ 2:03
ys
D1
:1
3MF f 9cð Þ3MF(n)3MF(r) (9a)
MF f 9cð Þ ¼ 1:253 f 9c0
:07 (9b)
MF(n) ¼ 1þ 0:0413 f 9c  0:26ð Þ
3 n 0:0433 f 9c þ 0:85ð Þ3 n2
(9c)
MF(r) ¼ r0:16 (9d)
The above equations can be easily programmed into an
Excel spreadsheet for estimating effective yield curva-
ture for a wide range of concrete columns having dif-
ferent axial load ratios, concrete strengths and
longitudinal reinforcement ratios.
Figure 8 indicates that the predicted values of effec-
tive yield curvatures are within 10% of the calculated
effective yield curvatures. Several data points are sig-
nificantly deviated from the calculated values. These
data points are for 0.5 m diameter columns with axial
load ratios between 0.3 and 0.5. It was mentioned ear-
lier that MF(n) may overestimate the effective yield
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curvature for small-diameter columns under higher ax-
ial load ratio. However, such cases are not common in
bridge construction.
Design of a bridge column: an illustration
A two-span bridge having a span length of 20 m was
selected to demonstrate the design of a column based
on the expressions developed in this study. The bridge
is supported by a 6 m high single column. The axial
load on the column has been estimated as 3150 kN.
The diameter of the column has been chosen as 1 m.
The material properties are: concrete strength,
f 9c ¼ 40 MPa and yield strength of reinforcement,
f y ¼ 500 MPa. The bridge has to be designed for an
earthquake shaking level of magnitude 7.0 and site–
source distanc of 50 km.
The DB design of the bridge column can be carried
out according to the substitute structure approach
(Shibata and Sozen, 1976). The methodology is out-
lined below.
(a) Calculate the effective yield displacement (˜y)
based on the effective yield curvature developed in
Equations 9(a)–9(d).
(b) Calculate the ductility demand based on the maxi-
mum allowable displacement (˜u).
(c) Calculate the equivalent viscous damping ratio
from the ductility demand at maximum allowable
displacement (Kowalsky et al., 1995) based on a
bi-linear force–displacement relationship using
Equation 10
eq ¼ 0:05þ
1

1 1ffiffiffi

p
 
(10)
(d) Calculate the effective stiffness (Keff ) of the col-
umn using Equation 11
Keff 
42Meff
T2eff
(11)
where Meff is the effective mass and Teff is the
effective period of the column. The effective peri-
od can be calculated from the displacement re-
sponse spectrum for the equivalent viscous
damping (Equation 10) at maximum allowable dis-
placement (˜u).
(e) Determine the base shear strength and the corre-
sponding moment at the base for the design of
column
V ¼ Keff˜u and (12)
M ¼ VH (13)
The effective yield curvature, y, has been estimated to
be 0.0054 m1 (Equations (9a)–9(d)). The correspond-
ing yield displacement for this cantilever bridge column
subjected to applied lateral load induced by ground
motion is estimated as
˜y ¼ y
L2
3
(14)
where L is the length of the column. For a 6 m high
column, the yield displacement is estimated as
0.0648 m by Equation 14. It is desired to limit the
expected peak displacement to 2.5% of the height of
the structure (˜u ¼ 0.025 3 6 ¼ 0.15 m) for the life
safety performance level. The design ductility is there-
fore equal to 0.15/0.0648 ¼ 2.3. The damping ratio for
this level of ductility is approximately 16% by Equation
10.
A suite of response spectra for magnitude ¼ 7.0 and
site-source distance ¼ 50 km has been generated using
the computer program GENQKE (Lam, 1999) consid-
ering hard rock site conditions. Figure 8 presents the
average of six ensemble response spectra of the gener-
ated ground motions.
The effective period, Teff, has been estimated as 2.0 s
from the response spectrum (Figure 9) representing a
damping ratio of 16%. The effective stiffness has been
calculated as 3170 kN/m (Equation 11). Hence, the
required base shear strength, V ¼ 3170 3 0.15 ¼
476 kN (Equation 12) and the corresponding moment
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at the base of the column ¼ 476 3 6 ¼ 2856 kNm
(Equation 13). Longitudinal reinforcement, r, of 1.1%
would be sufficient for this column.
Conclusions
Simple expressions for estimating effective yield
curvature for normal- and high-strength circular RC
columns have been developed based on moment–
curvature analyses of more than 200 column sections.
Such expressions can be easily programmed into an
Excel spreadsheet and can be very useful for prelimin-
ary design of concrete columns and also for perform-
ance evaluation of existing columns.
Previous studies on effective yield curvature have
been critically reviewed and the limitations of the stud-
ies in incorporating the influences of axial load,
strength of concrete and amount of longitudinal rein-
forcement have been identified. The present study is a
significant improvement over the previous studies as all
the parameters that influence the estimate of yield
curvature have been quantified.
The yield curvature is influenced by the size (dia-
meter) of the section, the axial load ratio, the strength
of concrete and, to some extent, the amount of long-
itudinal reinforcement and the thickness of the concrete
cover. It has been observed that the accurate estimate
of the effective yield curvature can be obtained when it
is expressed in terms of the diameter of the gross
section rather than the effective depth, as the concrete
cover has insignificant influence.
The amount of longitudinal reinforcement does not
have a significant influence on the effective yield cur-
vature. Hence, the effective yield curvature can be
estimated reasonably without explicitly considering the
influence of the amount of longitudinal reinforcement.
This is especially useful for preliminary design of con-
crete columns. However, the effect of longitudinal
reinforcement may be important for the accurate per-
formance evaluation of existing columns.
A DB procedure for the design of a bridge column
has been presented based on the substitute structure
approach using the developed expressions for estimat-
ing effective yield curvature.
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